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Abstract
This paper is essentially derived from the observation that some results
used for improving constants in the Lieb-Thirring inequalities for Schro¨dinger
operators in L2(−∞,∞) can be translated to the discrete Schro¨dinger op-
erators and more generally to Jacobi matrices. Some results were previ-
ously proved by D. Hundertmark and B. Simon and the aim of this article
is to improve the constants obtained in their article [7].
1 Introduction and main results
Let W be a tridiagonal self-adjoint Jacobi matrix
W =


. . .
...
...
...
...
. . .
. . . b−1 a−1 0 0 . . .
. . . a−1 b0 a0 0 . . .
. . . 0 a0 b1 a1 . . .
. . . 0 0 a1 b2 . . .
. . .
...
...
...
...
. . .


viewed as an operator in ℓ2(Z) of complex sequences:
Wu(n) = an−1u(n− 1) + bnu(n) + anu(n+ 1), n ∈ Z. (1)
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In what follows we assume that an > 0, b ∈ R and an → 1, bn → 0, n → ±∞,
rapidly enough. Then the essential spectrum σess = [−2, 2] and W may have
simple eigenvalues {E±j }N±j=1 where N± ∈ N ∪ {∞},
E+1 > E
+
2 > ... > 2 > −2 > ... > E−2 > E−1 .
Applying the method of D. Hundertmark, E. Lieb and L.Thomas [6] to Ja-
cobi matrices, D.Hundertmark and B.Simon [7] have proved the following result
concerning Lieb-Thirring inequalities for Jacobi matrices:
Theorem 1.1 (Hundertmark-Simon). Let {bn}, {an − 1} ∈ l1. Then
N+∑
j=1
(
(E+j )
2 − 4)1/2 + N−∑
j=1
(
(E−j )
2 − 4)1/2 ≤ ∞∑
n=−∞
|bn|+ 4
∞∑
n=−∞
|an − 1|. (2)
Moreover, if {bn}, {an − 1} ∈ lγ+1/2, γ ≥ 1/2, then
N+∑
j=1
|E+j − 2|γ + |E−j + 2|γ ≤ cγ
[
∞∑
n=−∞
|bn|γ+1/2 + 4
∞∑
n=−∞
|an − 1|γ+1/2
]
(3)
where
cγ = 2(3
γ−1/2)Lclγ,1.
where
Lclγ,1 =
Γ(γ + 1)
2
√
π Γ(γ + 3/2)
Remark. Note that the constants in front of each sum in the right hand side of
(2) are sharp and this is the only case when sharp constants in Lieb-Thirring
inequalities are known for Jacobi matrices.
This paper is one of a series of papers where we would like to obtain improved
and possibly sharp constants for discrete operators. In particular, the aim of
this paper is to improve the constants cγ appearing in (3) for γ ≥ 1 by applying
the method of A. Eden and C. Foias, [3] who obtained improvement of constants
in Lieb-Thirring inequalities for one-dimensional Schro¨dinger operators acting
in L2(R).
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Let us first recall known results for “continuous” multi-dimensional Scro¨dinger
operators that give us a motivation for the study of discrete problems. Let H
be a Schro¨dinger operator acting in L2(Rd)
Hψj := −∆ψj(x) + V ψj(x) = −ejψj(x). (4)
Lieb-Thirring inequalities relate the eigenvalues {ej} of the operator H and the
potenvial V ∈ Lγ+n/2(Rd) via the following estimate
∑
j
|ej |γ ≤ Lγ,d
∫
V−(x)
γ+d/2dx, (5)
where V− = (|V | − V )/2 is the negative part of V .
It is known that the constants Lγ,d are finite if γ ≥ 1/2 (d = 1), γ > 0 (d = 2),
and γ ≥ 0 (d ≥ 3). If γ = 0 (d ≥ 3) the inequality (5) is called the CLR-
inequality (Cwikel-Lieb-Rozenblum). The case γ = 1/2 (d = 1) was justified
by T. Weidl in [11]. In all these cases we have the following Weyl asymptotic
formula for the eigenvalues of the operator H(α) = −∆+ αV
∑
j
|ej |γ = αγ+d/2 (2π)−d
∫ ∫
(|ξ|2 + V (x))γ−dxdξ + o (λγ+d/2)
= αγ+d/2Lclγ,d
∫
V−(x)
γ+d/2dx + o (λγ+d/2), as α→∞, (6)
where
Lclγ,d = (2π)
−d
∫
(|ξ|2 − 1)γ−dξ.
Therefore the sharpness of the constants Lγ,d appearing in (5) could be com-
pared with the values of Lclγ,d. Clearly (6) implies that Lγ,d ≤ Lclγ,d.
In some cases the values of sharp constants Lγ,d are known. However, they do
not always coincide with Lclγ,d. It has been proved in [10] that L3/2,1 = 3/16
and by using [1] one obtains sharp constants Lγ,1 for all γ ≥ 3/2. Later A.
Laptev and T. Weidl [8] obtained sharp constants for Lγ,d for all γ ≥ 3/2 in
any dimension. If γ = 1/2 and d = 1 then L1/2,1 = 1/2 was found by D.
Hundertmark, E.B. Lieb and L. Thomas in [6].
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Several attempts have been made to improve estimates for the constants
Lγ,d. For 1/2 ≤ γ < 3/2, Hundertmark, Laptev andWeidl [5] found the constant
to be not greater than 2Lclγ,d. Recently this has been improved for 1 ≤ γ ≤ 3/2
by J. Dolbeault, A. Laptev and M. Loss [2] to c Lclγ,d, c = 1.8..., using methods
essentially derived from Eden and Foias [3], which we will use ourselves in quite
a substantial way. Eden and Foias essentially used an interesting method to
improve the constant in the Lieb-Thirring inequalities in one dimension.
Let us now introduce the operator D in l2(Z)
Dϕ(n) = ϕ(n+ 1)− ϕ(n), n ∈ Z. (7)
We choose its adjoint to be:
D∗ϕ(n) = −(ϕ(n)− ϕ(n− 1)).
Then the discrete Laplacian takes the form:
D∗Dϕ(n) = −ϕ(n+ 1)− ϕ(n− 1) + 2ϕ(n).
The spectrum σ(D∗D) of this operator is absolutely continuous. We have
σ(D∗D) = [0, 4] and if bn ≥ 0 then the discrete Schro¨dinger operator
HD := D
∗D − bn (8)
may have negative eigenvalues.
Our first result is:
Theorem 1.2. Let bn ≥ 0, {bn}∞n=−∞ ∈ l3/2(Z). Then the negative eigenvalues
{ej} of the operator in (8) are discrete and they satisfy the inequality
∑
j
|ej | ≤ π√
3
Lcl1,1
∑
n∈Z
b3/2n . (9)
The standard argument due to Aizenman and Lieb [1] implies that we obtain
the following spectral inequalities for moments γ ≥ 1.
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Theorem 1.3. Let bn ≥ 0, {bn}∞n=−∞ ∈ lγ+1/2(Z), γ ≥ 1. Then the negative
eigenvalues {ej} of the operator in (8) satisfy the inequality
∑
j
|ej |γ ≤ C
∑
n∈Z
bγ+1/2n , (10)
where as in the continuous case
C =
π√
3
Lclγ,1.
By changing sign of the operator we immediately obtain a version of Theorem
1.3 for positive eigenvalues of the operator −D∗D + bn, bn ≥ 0.
Corollary 1.4. Let bn ≥ 0, {bn}∞n=−∞ ∈ lγ+1/2(Z), γ ≥ 1. Then the positive
eigenvalues {ej} of the operator −D∗D + bn satisfy the inequality
∑
j
|ej |γ ≤ C
∑
n∈Z
bγ+1/2n , (11)
where as in the continuous case
C =
π√
3
Lclγ,1.
Our main result for Jacobi matrices is the following statement:
Theorem 1.5. Let γ ≥ 1, {bn}∞n=−∞, {an − 1}∞n=−∞ ∈ lγ+1/2. Then for the
eigenvalues of the operator (1) we have
∑
j
|E−j +2|γ+|E+j −2|γ ≤ 3γ−1/2
π√
3
Lclγ,1
(∑
n
|bn|γ+1/2 + 4
∑
n
|an − 1|γ+1/2)
)
.
(12)
Remark. Comparing the constants in right hand sides of (3) and (12) we note
that the latter constant is around 1.1 times better.
2 Some auxiliary results
In order to prove our main results we consider some auxiliary statements.
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Lemma 2.1. Let ϕ, Dϕ ∈ l2(Z). Then for any n ∈ Z
| ϕ(n) |2≤ ‖ϕ‖ℓ2‖Dϕ‖ℓ2
i.e.
| ϕ(n) |2≤
(
∞∑
k=−∞
| ϕ(k) |2
)1/2( ∞∑
k=−∞
| Dϕ(k) |2
)1/2
.
Proof. For any n ∈ Z we have
|ϕ(n)|2 = 1/2
∣∣∣∣∣
n∑
k=−∞
D(ϕ2(k))−
∞∑
k=n+1
D(ϕ2(k))
∣∣∣∣∣
≤ 1/2
( n∑
k=−∞
∣∣D(ϕ2(k))∣∣+ ∞∑
k=n+1
∣∣D(ϕ2(k))∣∣ )
= 1/2
∞∑
k=−∞
∣∣ϕ2(k + 1)− ϕ2(k)∣∣
= 1/2
∞∑
k=−∞
|Dϕ(k)|
(
|ϕ(k + 1)|+ |ϕ(k)|
)
.
Now we apply the Cauchy-Schwarz inequality and obtain
|ϕ(n)|2 ≤ 1/2
∞∑
k=−∞
|Dϕ(k)|
(
|ϕ(k + 1)|+ |ϕ(k)|
)
≤ 1/2
(
∞∑
k=−∞
|Dϕ(k)|2
)1/2 
(
∞∑
k=−∞
|ϕ(k + 1)|2
)1/2
+
(
∞∑
k=−∞
|ϕ(k)|2
)1/2
=
( ∞∑
k=−∞
|Dϕ(k)|2
)1/2( ∞∑
k=−∞
|ϕ(k)|2
)1/2
.
The proof is complete.
The next result is a discrete version of the result obtained by Eden and Foias
in [3].
Lemma 2.2 (Discrete Generalised Sobolev Inequality). Let {ψj}Nj=1 be an or-
thonormal system of function in l2(Z) and let ρ(n) =
∑N
j=1 ψ
2
j (n). Then
∑
n∈Z
ρ3(n) =
∑
n∈Z
( N∑
j=1
|ψj(n)|2
)3
≤
N∑
j=1
∑
n∈Z
|Dψj(n)|2 .
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Proof. Let ξ = (ξ1, ξ2, . . . , ξN ) ∈ CN . Then by Lemma 2.1 we obtain that for
every n ∈ Z:
∣∣∣ N∑
j=1
ξjψj(n)
∣∣∣ ≤ ( N∑
j,k=1
ξj ξ¯k〈ψj , ψk〉
)1/4( N∑
j,k=1
ξj ξ¯k〈Dψj , Dψk〉
)1/4
≤
( N∑
j=1
ξ2j
)1/4( n∑
j,k=1
ξj ξ¯k〈Dψj , Dψk〉
)1/4
.
If we set ξj = ψj(n) then the latter inequality becomes
ρ(n) =
N∑
j=1
|ψj(n)|2 ≤ ρ1/4(n)
( N∑
j,k=1
ψj(n)ψk(n)〈Dψj , Dψk〉
)1/4
.
Thus
ρ3(n) ≤
N∑
j,k=1
ψj(n)ψk(n)〈Dψj , Dψk〉.
If we sum both sides also taking into account that {ψj(n)} is an orthonormal
system, then we arrive at
∑
n∈Z
( N∑
j=1
|ψj(n)|2
)3
≤
N∑
j=1
(∑
n∈Z
|Dψj(n)|2
)
.
Lemma 2.3. Discrete Schro¨dinger operators
−D∗D + bn and D∗D − 4 + bn
are unitary equivalent.
Proof. Indeed, let F be the Fourier transform
Fϕ(θ) = ϕˆ(θ) =
∞∑
n=−∞
ϕ(n)einθ , θ ∈ (0, 2π).
Then
F(D∗D − 4 + bn)F∗ϕ(θ) = 2(1− cos θ)− 4
)
ϕˆ(θ) +
∫ 2π
0
bˆ(θ − τ)ϕˆ(τ) dτ.
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Therefore using periodicity of bˆ and denoting ψˆ(θ) = ϕˆ(θ + π) we find
∫ 2π
0
(−2− cos θ)|ϕˆ(θ)|2 +
∫ 2π
0
∫ 2π
0
bˆ(θ − τ)ϕˆ(τ)ϕˆ(θ) dτdθ
=
∫ 2π
0
(−2 + cos θ)|ψˆ(θ)|2 +
∫ 2π
0
∫ 2π
0
bˆ(θ − τ)ψˆ(τ)ψˆ(θ) dτdθ.
Since F(−D∗D)F∗ is unitary equivalent to −2+cosθ and this proves the lemma.
3 Proof of Theorems 1.2 and 1.3
We begin with the proof of Theorem 1.2.
Proof. Let {ψj}Nj=1 be the orthonormal system of eigenvectors corresponding to
the negative eigenvalues {−ej} of the discrete Schro¨dinger operator:
D∗Dψj − bnψj = −ejψj ,
where we assume that bn ≥ 0 ∀ n ∈ N.
Then by using the latter result and Ho¨lder’s inequality we obtain just like before
∑
n∈Z
( N∑
j=1
|ψj |2
)3
−
(∑
n∈Z
b3/2n
)2/3(∑
n∈Z
( N∑
j=1
|ψj |2
)3 )1/3
≤
N∑
j=1
(∑
n∈Z
(
|Dψj |2 − bn|ψj |2
))
= −
N∑
j=1
ej .
Denote
X =
(∑
n∈Z
( N∑
j=1
|ψj |2
)3 )1/3
,
then the latter inequality can be written as
X3 −
(∑
n∈Z
b3/2n
)2/3
X ≤ −
N∑
j=1
ej .
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Maximising the left hand side we find
X =
1√
3
(∑
b3/2n
)1/3
.
We substitute this back into (3):
−
N∑
j=1
ej ≥ 1
3
√
3
∑
n∈Z
b3/2n −
1√
3
∑
n∈Z
b3/2n
= − 2
3
√
3
∑
n∈Z
b3/2n
and we finally obtain the discrete version of the Lieb-Thirring Inequality:
N∑
j=1
|ej| ≤ 2
3
√
3
∑
n∈Z
b3/2n (13)
The proof is complete.
Let B be a Beta-function
B(x, y) =
∫ 1
0
tx−1(1− t)y−1 dt.
Proof of Theorem 1.3
Let B be a Beta-function
B(x, y) =
∫ 1
0
τx−1(1− τ)y−1 dτ.
Then by scaling we obtain that for any γ > 1 and µ ∈ R
µγ+ = B−1(γ − 1, 2)
∫ ∞
0
τγ−2(µ− τ)+dτ.
Let ej(τ) be the eigenvalues of the operatorD
∗D−(bn−τ)+. Then by variational
principle for the negative eigenvalues −(ej − τ)+ of the operator D∗D− bn + τ
we have
(ej − τ)+ ≤ ej(τ).
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Therefore for any γ > 1 applying Theorem 1.2 to the the operator D∗D− (bn−
τ)+ we find
∑
j
eγj = B−1(γ − 1, 2)
∫ ∞
0
∑
j
(ej − τ)+ τγ−2dτ
≤ B−1(γ − 1, 2)
∫ ∞
0
∑
j
ej(τ)+ τ
γ−2dτ
≤ 2
3
√
3
B−1(γ − 1, 2)
∫ ∞
0
∑
n
τγ−2(bn − τ)3/2+ dτ
=
2
3
√
3
B−1(γ − 1, 2)B(γ − 1, 5/2)
∑
n
bγ+1/2n
=
π√
3
Lclγ,1
∑
n
bγ+1/2n
which proves the required statement.
4 Proof of Theorem 1.5
Let us introduce notations
(bn)+ = max(bn, 0), (bn)− = −min(bn, 0)
and let
W ({an}, {bn})u(n) = Wu(n) = an−1u(n− 1) + bnu(n) + anu(n+ 1).
Note that using this notation and Lemma 2.3 we have
D∗D + bn = W ({an ≡ 1}, {bn + 2}), (14)
−D∗D + bn = W ({an ≡ −1}, {bn − 2}). (15)
Hundertmark and Simon [7] made an observation, which allows us to use bounds
for an ≡ 1 for the general case. Namely for any an ∈ R
 −|an − 1| 1
1 −|an − 1|

 ≤

 0 an
an 0

 ≤

 |an − 1| 1
1 |an − 1|

 (16)
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Thus the above bound implies by repeated use at each point of indices:
W ({an ≡ 1}, {b−n }) ≤W ({an}, {bn}) ≤W ({an ≡ 1}, {b+n}) (17)
where b±n is given by
b±n = bn ± (|an−1 − 1|+ |an − 1|).
Thus using (14) and Theorem 1.3 and the first inequality in (17) we have
N−∑
j=1
|E−j + 2|γ ≤
π√
3
Lclγ,1
∑
n
(
(bn)− + |an−1|+ |an|
)γ+1/2
. (18)
Similarly using (15) and Corollary 1.4 and the second inequality in (17) we find
N+∑
j=1
|E+j − 2|γ ≤
π√
3
Lclγ,1
∑
n
(
(bn)+ + |an−1|+ |an|
)γ+1/2
. (19)
Note that for any q ≥ 1,
(α+ β + γ)q = 3q
(α
3
+
β
3
+
γ
3
)q
≤ 3q(αq + βq + γq). (20)
Applying (20) to each of (18) and (19) and summing them up we finally arrive
at
N−∑
j=1
|E−j +2|γ+
N+∑
j=1
|E+j −2|γ ≤ 3γ−1/2
π√
3
Lclγ,1
(∑
n
|bn|γ+1/2 + 4
∑
n
|an − 1|γ+1/2)
)
.
The proof of Theorem 1.5 is complete.
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